In this paper, the global stability of free smoking equilibrium point was evaluated and presented graphically. The linear stability of a developed mathematical model illustrates the effect on the population of chain, mild and passive smokers. MATLAB programming was used to simulate the solutions, the reproduction number 0 R and the nature of the equilibria.
( )
∆ is the average number of healthy people who are at risk of becoming active smokers.
Our paper is divided into: section (2) , evaluating the global stability of the model in [10] . The modification of the model was stated in section (3) to include two classes of smokers: chain smokers 1 S and mild smokers 2 S , with the full study of stability analysis and effect of each group on the population behavior (qualitative behavior).
The Global Stability of Equilibria
The equilibria of smoking-free equilibrium point in system (1a)-(1b), are given in [10] as ( ) 1 1,0 0 2,0 2 , , ,0,0 , P E I E v µ   ∆ = =   +   (2) and the basic reproduction number 0  is defined as 0 β µ θ = + +   .
Theorem 1.
If 4 β δ ≤ and 0 1 ≤  , then 1 P is globally asymptotically stable.
Proof.
The Lyapunov function is defined as .
the solutions of systems (1) is limited to Ω , the largest invariant subset of
where Ω is the region of solutions given in [10] . From (4), we see that 
The Modified Model of Smoking
In this section, system (1) was modified to include two classes of smokers, chain smokers 1 S and mild smoker 2 S (see Figure 1 ). Accordingly, our model of ordinary differential equations (ODEs) are Figure 1 . Graphic presentation of system (6) . 
where the parameters 1 2 , , , v v β ω and µ are defined as in the system (1a)-(1c), 1  and 2  are death rate of chain smokers 1 S and mild smokers 2 S respectively, while parameters 1 θ and 2 θ are exit rates from chain smokers and mild smokers to the healthy population (outside population N). We assume that the exposed people become either a chain or mild smoker at probabilities (1 − a) and a with 0 1 a < < ). The chain smokers have a higher probability of generating more new smokers (by a factor 1 η ≥ relative to the mild smokers). A simplified form of the model (5) can be written as
The initial conditions of system (6) , are given by
By the fundamental theory of functional differential equations [11] , system (6) has a unique solution satisfying the initial conditions above.
Non-Negativity and Boundedness of Solutions
Theorem 2. For system (6) , there exist a positive number K such that the com-
Proof. We have ( ) 
It follows that if
The Equilibria and Basic Reproduction Number
, then there exists only one equilibrium point called smoking-free equilibrium 0 P .
2) If 0 1 >  , there exist two equilibria that are smoking-free equilibrium 0 P and smoking present equilibrium 1 P .
Proof.
The system (6) 
and smoking present equilibrium point ( ) Using the next generation method [12] , the matrices F and V are ( ) ( )
and hence evaluate the reproduction number 0  which is the largest eigenvalue of ( )
Local Stability of Smoker Free Equilibrium
Theorem 4.
If 0 1 <  , then 0 P is locally asymptotically stable.
Proof. The Jacobian matrix of system (6) at 0 P is Proof. As done in Theorem (1), we defined the Lyapunov function as
By substituting (6) in (9),
By using the equilibrium conditions . . Using LaSalle's invariance principle, we show that 0 P is globally asymptotically stable. □
Numerical Simulations and Discussion
Using MATLAB programming, the solution of system (6) is evaluated by as- A three sets of values are applied and tested for the initial conditions: In Figures 2-5 , the behavior of each smoking population is plotted as time increases. Figure 2 shows the fast decrease of passive smokers for both 0 1 ≤  and 0 1 >  within a short period of time and reaches or approaches the steady . The choice of initial values of the three sets has no effect on the behaviour of the different population types. It tends to zero for the chain, mild and ex-smokers for 0 1 <  as time increases. 2 E behaves similarly for any initial conditions, where we observe that 2 E tends to zero ( 0 1 ≤  ) or steady state value ( 0 1 >  ). Similarly for other types of population which means that 0 P and 1 P are globally asymptomatically stable. Figure 6 shows the phase plane space plots that explain the relationships between the different populations.
These relationships are the same for different initial conditions. Next, we consider the relationships of ex-smokers' population versus the chain/mild smokers 1 S and 2 S . As the chain smokers' number decreases, we notice an increase on the population of ex-smokers ( 2 E ) up to a maximum value at around one third of chain smokers' initial values and around two-thirds of the mild smokers' initial value, Figure 5 (c) and Figure 5(d) . Finally, Figure 5 (e) illustrates the impact of decreasing the number of chain smokers which leads to a decrease in the number of mild smokers. As we observe from the Figures, we stress the importance of decreasing the number of chain smokers (either by using the media or educational direct seminars) on increasing the number of passive smokers (as the ex-smokers and mild are both joined) to create a healthy action.
Finally, we observe that when the contact between the two classes of smokers with the other populations is weak (small β) then the effect of the smoker's classes (chain/mild) was not being enough to generate the new individuals to the smokers' classes. So, the number of smoker's groups decreased and approached to zero (because the death or stop smoking). On the other hand, if β increase, we found that the number of smoker's groups increased also, since the rate of interaction between them and other groups (or the effect by smokers) was growing. However, we can see that, one of the solutions which is introduced to reduce the spread of smoking is prevent it in the larger places (such as educations) in order to minimize the rate of contact to be very small or zero.
Conclusion
The modified system/model shows interesting behavior between the different types of smoker's populations. The main advantage was the more decrease in the size of heavy/mild smokers in comparison with earlier studies. This should encourage others (ex-or passive) smokers to interact better with chain/mild smokers to increase the number of quitters. By comparing our results with the results in [10] , we see that they are approximately similar to giving the behavior of each group, and the difference is that, our model explains and shows the effect of both of the chain smokers and mild smokers separately on the exposed population. Hence, we get that the chain smokers affect more than the mild smokers on the exposed groups. So, our model is more real.
